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Abstract. Petr Novotny and Jifl Hrivnak |12] investigated generalize the concept of Lie 
derivations via certain complex parameters and obtained various Lie and Jordan operator 
algebras as well as two one- parametric sets of linear operators. Moreover, they established 
the structure and properties of (a, /3, 7) — derivations of Lie algebras. 

We say a functional equation (£) is stable if any function g satisfying the equation (£) 
approximately is near to true solution of (£). In the present paper, we investigate the stability 
of (a, (5, 7)— derivations on Lie C*-algebras associated with the following functional equation 

/( 5 ) + /( 5 ) + /( 5 ) = /fcl)- 



1. Introduction 

The theory of finite dimensional complex Lie algebras is an important part 
of Lie theory. It has several applications to physics and connections to other 
parts of mathematics. With an increasing amount of theory and applications 
concerning Lie algebras of various dimensions, it is becoming necessary to 
ascertain applicable tools for handling them. The miscellaneous character- 
istics of Lie algebras constitute such tools and have also found applications: 
Casimir operators pQ, derived, lower central and upper central sequences, Lie 
algebra of derivations, radical, nilradical, ideals, subalgebras [H [22] and re- 
cently megaideals [13] . These characteristics are particularly crucial when 
considering possible affinities among Lie algebras. Physically motivated rela- 
tions between two Lie algebras, namely contractions and deformations, have 
been extensively studied, see e.g. [5j[TT]. When investigating these kinds of 
relations in dimensions higher than five, one can encounter insurmountable 
difficulties. Firstly, aside the semisimple ones, Lie algebras are completely 
classified only up to dimension 5 and the nilpotent ones up to dimension 6. 
In higher dimensions, only special types, such as rigid Lie algebras [6| or Lie 
algebras with fixed structure of nilradical, are only classified [30J (for detailed 
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survey of classification results in lower dimensions see e.g. [13] and references 
therein). Secondly, if all available characteristics of two results of contrac- 
tion/deformation are the same then one cannot distinguish them at all. This 
often occurs when the result of a contraction is oneparametric or morepara- 
metric class of Lie algebras. 

We say a functional equation (£ ) is stable if any function g satisfying the equa- 
tion (£) approximately is near to true solution of (£). We say that a functional 
equation is superstable if every approximately solution is an exact solution of 
it [29]. 

The stability problem of functional equations originated from a question of 
Ulam |31j in 1940, concerning the stability of group homomorphisms. Let 
(G\,.) be a group and let (G2, *) be a metric group with the metric d(.,.). 
Given e > 0, does there exist a 5 > 0, such that if a mapping h : G% — ► G2 
satisfies the inequality d(h(x.y), h(x) * h(y)) < 5 for all x,y G G%, then there 
exists a homomorphism H : G\ — ► G2 with d(h(x), H(x)) < e for all x G G\l 
In the other words, under what condition does there exist a homomorphism 
near an approximate homomorphism? The concept of stability for functional 
equation arises when we replace the functional equation by an inequality which 
acts as a perturbation of the equation. In 1941, D. H. Hyers [7] gave the first 
affirmative answer to the question of Ulam for Banach spaces. Let / : E — ► E' 
be a mapping between Banach spaces such that 

\\f( x + y )-f( x )-f( y )\\<6 

for all x,y G E, and for some 5 > 0. Then there exists a unique additive 
mapping T : E — ► E' such that 

\\f(x)-T(x)\\<5 

for all x G E. Moreover if f(tx) is continuous in t G K for each fixed x G E, 
then T is linear. Finally in 1978, Th. M. Rassias [27j proved the following 
theorem. 

Theorem 1.1. Let f : E — ► E' be a mapping from a normed vector space E 
into a Banach space E' subject to the inequality 

\\f(x + y)-f(x)-f(y)\\<e(\\x\\P+\\y\\P) (1.1) 

for all x,y € E, where e and p are constants with e > and p < 1. Then there 
exists a unique additive mapping T : E — ► E' such that 

ll/(^)-^)ll<^INI p (1.2) 

for all x G E. If p < then inequality (1.1) holds for all x,y ^ 0, and (1.2) 
for x 7^ 0. Also, if the function 1 1— > f(tx) from R into E' is continuous in real 
t for each fixed x G E, then T is linear. 
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In 1991, Z. Gajda [3] answered the question for the case p > 1, which was 
raised by Rassias. This new concept is known as Hyers-Ulam-Rassias stabil- 
ity of functional equations. During the last decades several stability problems 
of functional equations have been investigated in the spirt of Hyers-Ulam- 
Rassias. See [3 El 033 [23 [22 [23 [23 123 1211 [29] for more detailed information 
on stability of functional equations. 

Recently, the stability of various types of derivations has been investigated by 
some mathematicians; see [21 H31 [TBI H71 1201 I2T] . 

Petr Novotny and Jifl Hrivnak [12] investigated generalize the concept of Lie 
derivations via certain complex parameters and obtained various Lie and Jor- 
dan operator algebras as well as two one- parametric sets of linear operators. 
Moreover, they established the structure and properties of (a, (3, 7)— derivations 
of Lie algebras. 

A C*— algebra A, endowed with the Lie product [x, y] = xy — yx on A, is called 
a Lie C* -algebra (see H3 [LSI [JJ]). 

Let A be a Lie C*— algebra. A C— linear mapping d : A — » A is a called a 
(a, (3, 7)— derivation of A, if there exist a, f3,j S C such that 

ad[x, y] = f3[d(x),y] + j[x, d(y)} 

for all x,y € A. 

In the present paper, we investigate the stability of (a, (3, 7)— derivations on 
Lie C*— algebras associated with the following functional equation 

,,x 2 -x 1 X1-3X3 3x 1 + 3x 3 - x 2 , . . 

/( o ) + /( o ) + /( o ) = f( X V- 



2. Main results 

In this section, we investigate the superstability and the Hyers-Ulam- 
Rassas stability of (a, (3, 7)— derivations on Lie C*— algebras. 
Throughout this section, assume that A is a Lie C*— algebra with norm 
We need the following lemma in our main theorems. 

Lemma 2.1. p3] Let X and Y be linear spaces and let f : X —* Y be an 
additive mapping such that f(fJ-x) = fJ>f(x) for all x € X and all /i € T 1 : = 
{A G C; |A| = 1}. Then the mapping f is C— linear; i.e, 

f(tx) = tf(x) 

for all x € X and all t G C. 

Lemma 2.2. Let f : A — > A be a mapping such that 

xi-3x 3 3xi + 3x 3 - x 2 s,, ... , , 

11/ ( — ^ — ) + /( — ^ — ) + /( ^ )IU < ll/(si)IU, (2-1) 

for all xi,x 2 ,X3 S A. Then f is additive. 
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Proof. Letting x\ = x 2 = x 3 = in (2.1), we get 

||3/(0)|U<||/(0)|U. 
So /(0) = 0. Letting x\ = X2 = in (2.1), we get 

l!/(-x 3 ) + /(x 3 )m<||/(o)m = o 

for all X3 G A. Hence /(— X3) = —f(x^) for all X3 G A. Letting x\ = and 
X2 = 6x3 in (2.1), we get 

||/(2x3) -2/(z 3 )|U<||/(0)|U = 

for all 13G A Hence 

/(2x 3 ) = 2f(x 3 ) 
for all X3 G A Letting xi = and X2 = 9x3 in (2.1), we get 

11/(3x3) - f(xs) - 2f(x 3 )\\ A < ||/(0)|U = 

for all X3 G ^4. Hence 

/(3x 3 ) = 3/(x 3 ) 
for all X3 G A Letting xi = in (2.1), we get 

ll/(y) + /(-xs) + /(x 3 - y)IU < ||/(0)|U = 
for all X2, x 3 G A. So 

/(y) + /(-x 3 ) + /(x 3 -y)=0 (2.2) 

for all x 2 ,x 3 G A. Let ii = x 3 - ^ and t 2 = in (2.2). Then 

f(t2)-f(h + t 2 ) + f(h) = 
for all ti, *2 G A and so / is additive. □ 

Now we establish the superstability of (a, (3, 7) — derivations as follows. 

Theorem 2.3. Let p 7^ 1 anc? # 6e nonnegative real numbers, and let f : A —* 
A be a mapping such that for some a, (3, 7 G C 

X 2 -Xl Xl-3/iX 3 3X1 +3X 3 -X2,,, , || s,| ,„ Q s 

3 ) + /( 3 ) + M/( 3 )IU < ll/(a?i)IU, (2.3) 

||«/([X!,X 2 ]) - P[f(x 1 ),x 2 ] - 7 [x 1 ,/(x 2 )]|U < + ||x 2 ||^) (2.4) 

for all n G T 1 := {A G C ; |A| = 1} and all xi,X2,x 3 G A. Then the mapping 
f : A — > A is a (a, /3, 7) — derivation. 
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Proof. Assume p > 1. 

Let fi = 1 in (2.3). By Lemma 2.2, the mapping / : A — ► A is additive. Letting 
xi = x 2 = in (2.3), we get 

\\f(- fiX3 ) + fl f( X3 )\\ B <\\f(0)\\ B = 

for all x 3 G A and /i G T 1 . So 

-fi^xz) + /u/(x 3 ) = /(-/ix 3 ) + /i/(x 3 ) = 

for all x 3 G ^4 and all /U G T 1 . Hence /(/xx 3 ) = yu/(x 3 ) for all 13 6 i and 
all |j £ T 1 . By Lemma 2.1, the mapping / : A — > A is C— linear. Since / is 
additive, then It follows from (2.4) that 

||a/([xi,x 2 ]) - /3[f(xi),x 2 ] - r r[xi,f{x 2 )]\\A 

= lim 4 ||a/(^ r ) - £[/(—), — ] - 7 [— ,/(— 

= 

for all xi, X2 G A Thus for some a, (3, 7 G C 

a/ ([xi,x 2 ]) = /3[f(xi),x 2 ] + i[xi,f(x 2 )] 

for all xi,X2 G A. Hence the mapping / : A — > ^4 is a (a, /?, 7)— derivation. 
Similarly, one obtains the result for the case p < 1. □ 

Now, we establish the Hyers-Ulam-Rassias Stability of (a, (3, 7)— derivations 
on Lie C*— algebras. 

Theorem 2.4. Let p > 1 and 6e nonnegative real numbers, and let f : A — > 
A wit/i /(0) = 6e a mapping such that for some a, (3, 7 G C 

x 2 -xi xi-3/xx 3 3xi + 3x 3 -x 2 ... 

ll/( 3 ) + /( 3 ) + M/( 3 ) - f(xi)\\A 

<^||xi||^ + ||x 2 ||^ + ||x 3 Q (2.5) 
and 

\\af([ Xl ,x 2 }) - P[f( Xl ),x 2 } - 7 [x l5 /(x 2 )]|U < e(\\ Xl \\^ + ||x 2 ||^) (2.6) 

for all n G T 1 and allxi,x 2 , x 3 G A. T/ien i/iere exists a unique (a, (3, 7) — derivation 
d : A — > A snc/i i/tai 

||d(xO-/(x01U< g( \ + _ 2 3^; fA (2.7) 

/or a// xi G A. 
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Proof. Let us assume ji = 1, x 2 = 2x\ and X3 = in (2.5). Then we get 

l|3/(^)-/(xi)|U<fl(l + 2P)||a:i||^ (2.8) 
for all x\ G A. So by induction, we have 

n-l 

\\3y&)-f(x 1 )\\ A <e(i + 2n\\x 1 \f A Y J 3 l(1 - p) (2-9) 

for all xi G A. Hence 

l|3 n+m /(^)-3 m /(^)|U<^(l + 2^||x 1 ||^£3^)M 

i=0 

n+m—l 

< e(i + 2 p )\\ Xl \\ p A 3i(1 ~ p) ( 2 - 10 ) 

i=m 

for all nonnegative integer m and all x\ G A. From this it follows that the 
sequence {3 n /(p-)} is a Cauchy sequence for all x\ G A. Since A is complete, 
the sequence {3 n f(^k)} converges. Thus one can define the mapping d : A — ► 
A by 

d(xi) := lim 3"/£) 

for all x\ G A. Moreover, letting m = and passing the limit n — > 00 in (2.10), 
we get (2.7). It follows from (2.5) that 

x 2 -xi 3xi + 3x 3 -x 2 , , ... 
IK — 3 — ) + d( 3 ) + M 3 ) - d(»i)IU 

= ™ 3 + 3 n+i )+^/( )-/(^)IU 

3™$ 

for all /x G T 1 and all xi,X2,X3 G A. So 

,x 2 -xi xi-3^3 3xi + 3x 3 - x 2 . . . 
d{ — - — ) + d{ ) + nd{ ) = d(xi) 

for all /i^T 1 and all x±,x 2 ,X3 G A. By Lemma 2.2, the mapping d : A —>■ A 
is additive. Hence by Lemma 2.1, d is C— linear. 
It follows from (2.6) that 

\\ad([xi,x 2 }) - P[d(xi),x 2 ] - r y[x 1 ,d(x 2 )]\\A 
< lim — (I|a;i||^+|b2||^) = 

- n ^oo Qnp VH i\\A II -MIA V 
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for all Xi,x 2 G A. So for some a, /?, 7 G A 

ad([xi,x 2 ]) = /?[d(xi),x 2 ] + 7[zi,d(x 2 )] 

for all xi , X2 G A 

So, <i is a (a, /?, 7)— derivation. Now, let d : A — > yl be another (a, /3, 7)— derivation 
satisfying (2.7). Then we have 

Kxi)-d'(xi)m = 3 n iid(^)-d , (|i)m 

< 3 n (||d(|i) - /(|i)|U + ||d'(|±) - /(^)|U) 

2.3 n fl(l + 2*Q p 

- 3np(j _ 3I-P) " X "^ ' 

which tends to zero as n -> 00 for all x\ G A. So we can conclude that 

d(x\) = d (xi) for all x\ G A This proves the uniqueness of d. 

Thus the mapping d : A — > ^4 is a unique (a, /3, 7)— derivation satisfying (2.7). 

□ 

Theorem 2.5. Lei p < 1 anc? # be nonnegative real numbers, and let f : A —* 
A with /(0) = be a mapping satisfying (2.5) and (2.6). T/ien i/iere exists a 
unique (a, (3, 7) — derivation d : A ^ A such that 

IKll) _ /(ll)lu <ffi_tZM^ 

/or a// xi G A. 

Proof. Let us assume /U = 1, x 2 = 2xi and X3 = in (2.5). Then we get 

||3/(^)-/(x 1 )m<0(l + 2^||x 1 ||^ (2.11) 

for all x\ G A. Replacing x\ by 3xi in (2.11) we have 

||3/(xi) - /(3X!)|U < 0(3^(1 + 2^)||x 1 ||P (2.12) 
for all xi G A. It follows from (2.12) that 

H/Oc!) - 3- 1 /(3x 1 )|U < 0(3^ 1 )(1 + 2f)||x 1 ||^ (2.13) 
for all xi G A. So by induction, we have 

n 

||/(x 1 )-3^/(3 n x 1 )m<0(l + 2f)||x 1 ||^3^- 1 ) (2.14) 



8 M. Eshaghi Gordji and N. Ghobadipour 

for all xi € A. Hence 

n 

||3- m /(3 m xi)-3-( n+m )/(3 n+m )|U < 6(l + 2 p )\\x 1 \\ p A Y J 3 (i+m)(p ~ 1) 



i=i 

n+m 



< 6(1 + 2 p )\\ Xl \\ P A 3 i(p_1) ( 2 - 15 ) 



i=m+l 

for all nonnegative integer m and all x\ £ A. From this it follows that the 
sequence {3 _n /(3 n xi)} is a Cauchy sequence for all x\ <G A. Since A is com- 
plete, the sequence {3~ n /(3 ra xi)} converges. Thus one can define the mapping 
d : A -> A by 

d(xi) := lim 3- n /(3 n xi) 



for all x\ € A Moreover, letting m = and passing the limit n — > oo in (2.15), 
we get 

e(i + v)\\ Xl f A 



31-p - 1 



||d(a;i)-/(xi)|U< 
for all xi € A. It follows from (2.5) that 

= lim 3-.||/( 3 ''^ -^) ) + / ( 3 "< I '- 3 ^> ) 

ra^oo J 3 

3 re (3xi + 3x 3 - x 2 ) ,/3"(xi) 
+ / i A 3 ) - A — 3 — )IU 

< Jim e^^iWx^ + \\x 2 \\ p A + \\x 3 \\ A ) = 

for all /ieT 1 and all xi,X2,X3 G A. So 

x 2 -xi xi-3/xx 3 3xi + 3x 3 -x 2 s A 
d( — - — ) + d( ) + nd{ ) = d(xi) 

for all /jGT 1 and all xi,X2,X3 € A. By Lemma 2.2, the mapping d : A —> A 
is additive. Hence by Lemma 2.1, d is C— linear. 

The rest of the proof is similar to the proofs of Theorem 2.4 □ 

Corollary 2.6. Let 9 be a nonnegative real number. Let f : A — > A with 
/(0) = be a mapping such that for some a, (3, 7 G C 

x 2 - xi xi - 3^X 3 3xi + 3x 3 ~ x 2 , ... 
ll/( 3 ) + /( 3 ) + M/( 3 ) - /(^i)IU < # 

and 

||a/([xi,x 2 ]) - P[f(xi),x 2 ] - 7[xi,f(x 2 )}\\A < 
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for all fi € T 1 and all Xi,X2,x% G A. Then there exists a unique (a, /5, 7) — derivation 
d : A — > A such that 

iid(*i)-/(si)m<0 

for all x\ G A. 
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